Abstract: The purpose of the present paper is to study semi-generalized recurrent, semi-generalized Ricci recurrent and conformal Ricci soliton on (LCS) n -manifold.
Introduction
As a generalization of LP-Sasakian manifold ( [17] , [18] ), Shaikh ([25] , [27] , [28] ) introduced the notion of (LCS) n -manifolds along with their existence and applications to the general theory of relativity and cosmology. Moreover, Shaikh and his coauthors ( [25] - [29] ) studied (LCS) n -manifolds by imposing various curvature restrictions. The (LCS) n -manifolds have also been studied by Atceken [1] , Hui et. al ( [2] , [6] , [12] , [13] , [14] , [15] ), Narain and Yadav [19] , Prakasha [23] , Sreenivasa et al. [32] , Venkatesha and Kumar [33] , Yadav et al. [35] , and others.
1 corresponding author. 1 Locally symmetric manifolds were weakened by many geometers in different extents. In those, the idea of recurrent manifolds was introduced by Walker in 1950 [34] . On the other hand, De and Guha [7] introduced generalized recurrent manifold (GK n ) with the non-zero 1-form A and another non-zero associated 1-form B. If the associated 1-form B becomes zero, then the manifold GK n reduces to a recurrent manifold (K n ) introduced by Ruse [24] and Walker [34] .
The notion of recurrent manifolds have been generalized by various authors as Riccirecurrent manifolds (R n ) by Patterson [21] , 2-recurrent manifolds by Lichnerowicz [16] , projective 2-recurrent manifolds by Ghosh [11] and generalized Ricci recurrent manifold (GR n ) by De et al [8] etc.
Recently, semi generalized recurrent condition was introduced and studied on Lorentzian α-Sasakian manifolds and P-Sasakian manifolds by Dey and Bhattacharyya [9] and Singh et. al [31] respectively.
) is said to be semi-generalized recurrent manifold if
holds. Here A and B are the 1-forms defined by
) is said to be semi-generalized Ricci recurrent manifold if
holds, where A and B are 1-forms and are defined as in (1.2)
Our work is structured as follows: In section 2, we give a brief information about (LCS) nmanifolds. The next three sections are respectively devoted to the study of semi generalized recurrent, semi generalized φ-recurrent and semi generalized Ricci recurrent conditions on deals with conformal Ricci solitons on (LCS) n -manifold. Here we mainly studied conformal Ricci soliton in (LCS) n -manifold satisfying R(ξ, X) ·M = 0 and C(ξ, X) · S = 0.
preliminaries
An n-dimensional Lorentzian manifold M is a smooth connected paracompact Hausdorff manifold with a Lorentzian metric g, that is, M admits a smooth symmetric tensor field g of type (0,2) such that for each point p ∈ M, the tensor g p :
non-degenerate inner product of signature (−, +, · · · , +), where T p M denotes the tangent space of M at p and R is a real number space. A non-zero vector v ∈ T p M is said to be timelike (resp., non-spacelike, null, spacelike) if it satisfies g p (v, v) < 0 (resp., ≤ 0, = 0, > 0) [20] .
for any X ∈ Γ(T M), is said to be a concircular vector field if
where α is a non-zero scalar and ω is a closed 1-form and ∇ denotes the operator of covariant differentiation of M with respect to the Lorentzian metric g.
Let M be an n-dimensional Lorentzian manifold admitting a unit timelike concircular vectorfield ξ, called the characteristic vector field of the manifold. Then we have
Since ξ is a unit concircular vector field, it follows that there exists a non-zero 1-form η such that for
2) the equation of the following form holds for all vector fields X, Y,
where α is a non-zero scalar function satisfying
ρ being a certain scalar function given by ρ = −(ξα). Let us take
then by virtue of (2.3) and (2.5), we have
from which it follows that φ is a symmetric (1,1) tensor, called the structure tensor of the manifold. Thus the Lorentzian manifold M together with the unit timelike concircular vectorfield ξ, its associated 1-form η and an (1,1) tensorfield φ is said to be a Lorentzian concircular structure manifold (briefly, (LCS) n -manifold) [25] . Especially, if we take α = 1, then we obtain the LP-Sasakian structure of Matsumoto [17] .
The following relations holds in a (LCS) n -manifold (n > 2) ( [25] , [27] ):
holds.
Theorem 3.1. In a semi-generalized recurrent (LCS) n -manifold the scalar curvature r is given by
Proof. Let us consider a semi-generalized recurrent (LCS) n -manifold (M n , g).
Taking cyclic sum of (3.1) with respect to X, Y, Z and making use of first Bianchi's identity, we have
On contraction, (3.3) leads to
Again contracting the above equation, we get
On substituting X = ξ in (3.5), one can obtain the desired result.
Now from (3.1), we have
Thus, we have the following assertion; Theorem 3.2. In a semi-generalized recurrent (LCS) n -manifold (M n , g) the associated 1-forms are in opposite direction provided scalar curvature is positive constant.
is called a semi-generalized φ-recurrent manifold.
Using (2.7) and then taking inner product with U in (4.1), we obtain
Contraction of the above equation over X and U, reduces to
In an n-dimensional (LCS) n -manifold, we can easily see that
By virtue of (4.4), (4.3) yields
Taking an account of (2.5), the covariant derivative of (2.14) can be written as
Replacing Y by φY in (4.7) gives
Hence, we can state the following;
) is an Einstein manifold.
Semi-generalized Ricci recurrent (LCS) n -manifold
Suppose that (LCS) n -manifold is semi-generalized Ricci recurrent. Then from (5.1) we
By virtue of (4.6) and (5.2), we have
Replacing Y by φY in (5.3) and using (2.14), we have are the standard coordinate in R 3 . Let {E 1 , E 2 , E 3 } be linearly independent global frame field on M given by
Let g be the Lorentzian metric defined by
Let η be the 1-form defined by η(Z) = g(Z, e 3 ) for any vector field Z ∈ χ(M).
Let φ be the (1, 1)-tensor field defined by
Using the linearity of φ and g, we have
η(E 3 ) = −1,
By virtue of above, we have the following:
This means that manifold under the consideration is not Ricci symmetric. Let us now consider the 1-forms
It can be easily shown that the manifold with the above 1-forms satisfies the relation Basu and Bhattacharyya ( [3] , [4] ), introduced the conformal Ricci soliton equation as
This equation is the generalization of the Ricci soliton equation and it also satisfies the conformal Ricci flow equation.
Setting V = ξ in (6.2) and using (2.5), (2.6) and (2.8), one can get
where
Contraction of the above equation gives the scalar λ under the conformal Ricci soliton as
Hence we have; Theorem 6.5. A conformal Ricci soliton (LCS) n -manifold is an η-Einstein manifold and the scalar λ is given by (6.4).
Pokhariyal and Mishra [22] defined a tensor fieldM on a Riemannian manifold as
Such a tensor fieldM is known as M-projective curvature tensor and it bridges the gap between conformal curvature tensor, conharmonic curvature tensor and concircular curvature tensor on one side and H-projective curvature tensor on the other.
Suppose conformal Ricci soliton in (LCS) n -manifold satisfies R(ξ, X) ·M = 0. Which implies that
By virtue of (2.13), (6.6) turns in to
In view of (2.9), (2.11), (2.12), (2.13) and (6.3), we have
Suppose that (α 2 − ρ) = 0. Then the equation (6.7) with the use of (6.8)-(6.10) gives
Thus, we arrive at the following assertion: Theorem 6.6. A conformal Ricci soliton in (LCS) n -manifold satisfying R(ξ, X) ·M = 0 is an Einstein manifold provided (α 2 − ρ) = 0.
We now consider conformal Ricci soliton in (LCS) n -manifold satisfying C(ξ, X) · S = 0.
An interesting invariant of a concircular transformation is the concircular curvature tensor Now we proceed the calculations for n(n − 1)(α 2 − ρ) + 1 = 0.
Plugging Y = ξ in (6.15) and then using (6.3), gives rise to S(X, Z) = (k − α)g(X, Z) (6.16) Therefore one can state the following:
an Einstein manifold provided n(n − 1)(α 2 − ρ) + 1 = 0.
